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Abstract 
 

     Design styles based on multiplexors have become very 

popular due to their good testability. Starting from a 

function description as a  Binary Decision Diagram (BDD) 

the circuit is generated by a linear time mapping 

algorithm. Only one additional input and one inverter are 

needed to achieve 100% testable circuits under the Stuck-

At Fault Model (SAFM). Even though free of 

redundancies, the resulting circuits may contain hard to 

test faults, since the fault detection probability is very low.  

    In this paper we present optimization techniques for 

circuits derived from BDDs such that the final circuit has 

good random pattern testability. The BDD ordering is 

optimized and the input probabilities are varied. The 

algorithms operate at a high level of abstraction and make 

use of the compact function representation as BDDs. 

Experiments are given to demonstrate the efficiency of the 

approach. 

 

1. Introduction 

 

    Binary Decision Diagrams (BDDs) [9] have originally 

been proposed as a data structure for efficient Boolean 

function representation and manipulation. But due to their 

compactness they have also been frequently used in 

synthesis approaches. BDDs are well suited in this field 

since they can be used on a high level of abstraction as a 

pure function manipulation tool as it has been done in [20], 

but they can also be used in logic synthesis approaches (see 

e.g. [11]). BDD approaches are especially suitable for 

multiplexor based design styles, since the circuits can be 

directly derived from BDDs if each internal node is 

substituted by a multiplexor cell. Often these cells can be 

realized at very low cost, e.g. in  Pass Transistor Logic 

(PTL). Furthermore, in BDD based design flows 

technology dependent information, like the layout, can be 

considered in an early stage and by this high quality 

results can be guaranteed (see e.g. [15,14]). Thus, they are 

a good data structure for a unified design flow that 

demands for efficient manipulation on the register transfer 

level and above. 

    One further important argument for the use of BDD 

circuits are testability aspects. Due to the structural 

restrictions of BDDs, i.e. the ordering of the variables, 

testability can be ensured by construction. Multiplexor 

circuits derived from BDDs have been studied intensively 

under various fault models [2,1,4,3].  For an overview see 

[5]. Recently in [10] a technique has been proposed that 

ensures 100% testability of circuits derived from BDDs 

under the SAFM and even the Path Delay Fault Model at 

the cost of one additional input. But even though the 

resulting circuits are free of redundancies, the resulting 

Random Pattern Testability (RPT) is often very poor, i.e. 

there are faults with a low detection probability. But a 

high detection probability is very important in today’s 

system-on-chip test, since BIST patterns have to be 

applied and storing separate (deterministic) patterns for 

each module is too expensive [16]. 



 

 

 

 
 

    In this paper we study the RPT of circuits derived from 

BDDs. Two approaches to improve the RPT of the circuits 

are presented. The first technique is to modify the variable 

ordering, such that the testability is improved. The second 

approach determines input probabilities from a set of 

discrete values. As a measure for the testability we use the 

minimal fault detection probability and the expected fault 

detection probability. The algorithms operate at a high 

level of abstraction and make use of the compact function 

representation as BDDs. Experimental results show that the 

testability can be significantly improved. In some cases the 

minimal fault detection probability could be improved from 

10-7 to 10-3 by choosing the ordering and the input 

probability accordingly. 

    The paper is structured as follows: In Section 2 BDDs 

and BDD circuits are defined and the stuck-at fault model 

is briefly reviewed. The two approaches to improve the 

RPT of BDD circuits are presented in Section 3. 

Experimental results are given in Section 4, followed by 

the conclusions in Section 5. 

 

2. Preliminaries 

 

2.1. Binary Decision Diagrams 

 

   As is well-known a Boolean function BBf n →: can be 

represented by a BDD which is a directed acyclic graph 

),( EVG = where a Shannon decomposition  

        )()( vhighivlowi fxfxf +=    )1( ni ≤≤  

is carried out in each node. A BDD is called ordered if 

each variable is encountered at most once on each path 

from the root to a terminal node and if the variables are 

encountered in the same order on all such paths. A BDD is 

called reduced if it does not contain isomorphic subgraphs 

nor does it have redundant nodes. Reduced and ordered 

BDDs are a canonical representation, i.e. for each Boolean 

function the BDD is uniquely specified [9]. In the 

following, we refer to reduced and ordered BDDs for 

brevity as BDDs. 

    It is well known that the BDD size depends on the 

chosen variable ordering. The most promising results 

regarding the quality of BDD minimization are based on 

dynamic reordering. In this context, Sifting as introduced 

in [17] is an approach offering a good compromise to 

trade off run time versus quality.  

 

2.2. Output Probabilities in BDDs 

 

Output probabilities of nodes can be calculated efficiently 

in BDDs. Let ),( EVG =  be the BDD representation with 

root u  of the Boolean function ug . Then, the output 

probability )1( =ugP  can be computed in time )( GO  

using the recursive function [ ]1,0: →VP  with 

)()( vvaluevP =  if v  is a terminal node and otherwise, 

)()1)(()(()0)(()( hl vPvxPvPvxPvP ⋅=+⋅==             (1) 

where )(vx  is the variable checked at v  and lv  and hv  

are the low and high successors of v , respectively. The 

proof can be found in [6,12]. )(vP  is called the output 

probability of node v . 

    From Equation (1), it can be seen that )(vP  depends on 

)0)(( =vxP  and )1)(( =vxP . This means the signal 

probability for the primary inputs can change the output 

probability. This influence can be seen as follows: 

 

Example 1 Figure 1 demonstrates the application of the 

recursive calculation on a BDD representing =)(xf  

123 xxx + . All signal probabilities for the primary inputs 

are set to 0.5. Figure 2 illustrates the computation for the 

same function, but the signal probabilities of the inputs 

1x , 2x  and 3x  are 0.8, 0.7 and 0.6, respectively. 



 

 

 

 
 

 

 
 

Figure 1.  Equal input probabilities  

 

 

 
 

Figure 2. Different Input Probabilities  

 

2.3. BDD Circuits 
 

    It is well-known, that BDDs directly correspond to 

multiplexor based Boolean circuits, called BDD circuits in 

this paper. More exactly: BDD circuits are combinational 

logic circuits defined over a fixed library. The typical 

multiplexor cell is denoted as MUX, and it is defined as 

given in Figure 3 by its standard AND-, OR-, INVERTER-

based realization1. The left input is called control input, the 

                                                           
1 All results in the following also transfer to different 
realizations. 

upper inputs are called data inputs (left data input =  0-

input, right data input = 1-input).  

    The BDD circuit of a BDD is obtained by the following 

construction: Traverse the BDD in topological order and 

replace each non-terminal node v  in the BDD by a  MUX 

cell, connect the control input with the primary input ix , 

corresponding to the label of the BDD node. Then, 

connect the 0-input to low(v) and the 1-input to high(v). 

Finally, connect the output of the multiplexor which 

substituted the root node with a primary output. 

 

 
Figure 3 Multiplexor cell MUX 

 

Remark 1 The handling of nodes that have at least one 

pointer to a constant has direct implications on the 

testability of the resulting circuit. For example consider 

the BDD given in Figure 4 (a) (printed upside-down to 

see the correspondence to the circuits): 

  

1. As has been suggested in [4,3], the MUX cells        

connected to constant values can be simplified. This 

can result in redundancies, but the final circuits are 

smaller counted in the number of literals (see Figure 

4 (b)). 

2. In [10] all terminals are connected to a new test 

input. By this 100% testability can be ensured by 

construction (see Figure 4(c)). 

 



 

 

 

 
 

 

 
Figure 4. Mapping a BDD to a circuit 

 

In the following only the second method is considered. But 

the new techniques to increase the RPT can be applied to 

the first method as well. 

 

2.4. Stuck-At Fault Model 

 

    In this paper the Stuck-At Fault Model (SAFM) [8] is 

considered. A fault in the SAFM causes exactly one input 

or output pin of a node in the circuit to have a fixed 

constant value (0 or 1) independently of the values applied 

to the inputs of the circuit. 

    To measure the random pattern testability of circuits we 

consider the expected and minimal detection probability for 

stuck-at faults. We use the definition of the fault detection 

probability of a single fault as given in [13]. Having all 

fault detection probabilities the expected probability and 

minimal probability follow. 

 

 

3. BDD-Optimization for Random Pattern  

      Testability 

 

    In this section two approaches are presented to improve 

the RPT of BDD circuits. First the RPT is considered 

during variable reordering. In a second step input 

probabilities for the variables are determined. We present 

an iterative - but time consuming - approach and also a 

fast heuristic that is linear in the size of the original BDD. 

 
 

3.1  Sifting with Different Objective Function 

 

    The variable order of a BDD has a major influence on 

the number of its nodes. But to decide, if for a given 

function a BDD with at most  some given number of 

nodes exists, is NP-complete [7]. Therefore heuristics are 

used to minimize BDDs. 

    One well-known heuristic is Sifting [17]: A variable is 

chosen and moved to any position of the variable order 

based on exchanging adjacent variables. Then it is fixed at 

the best position (i.e. where the smallest BDD results), 

afterwards another variable is chosen. No variable is 

chosen twice during this process. This heuristic can be 

used to minimize a BDD with respect to other goals than 

the number of nodes as well. This is done by changing the 

objective function that measures the size. 

    A procedure called PLATO (Probabilistic Logic 

Analyzing Tool) [12,13] calculates the exact detection 

probability of all faults. After every exchange of variables, 

this procedure is started and as a result returns the number 

of redundant faults, the minimum and the expected values 

of the fault detection probability. These values are used in 

the BDD minimization process, i.e. included in the 

objective function of sifting. 

    Let oldF  denote the expected fault detection probability 

before sifting and let actF  denote the minimal fault 

detection probability. The size during sifting is measured 

by 

old

act

F
F

s −=  



 

 

 

 
 

Instead of the expected fault detection probability, we also 

use the number of literals to minimize area in our 

experiments in an analogous way. 

 

3.2. Computation of Input Probabilities 

 

3.2.1. Iterative Approach 

 

    Input probabilities for inputs are determined by a greedy 

algorithm to improve the RPT. Because the technique does 

not take advantage of the BDD-like structure of the circuit, 

it is applicable to any other circuit as well.  

    One input variable ix  is chosen. For this variable ix  the 

probability )1( =ixP  is iteratively set to any value from 

0.1 to 0.9 with steps of width 0.1. For each value of 

)1( =ixP  the fault detection probability is determined. 

Then, )1( =ixP  is fixed to the value resulting in the best 

testability. Afterwards the next variable is chosen and the 

same process is repeated. By choosing each variable at 

most once the procedure terminates after assigning a 

probability to each input variable. Several iterations of the 

whole process further increase the testability of the circuit. 

In Section 4  results are given for maximizing the minimal 

and the expected fault detection probability with this 

approach.  

 

3.2.2 Linear Time Approach 

 

    The previous approach does not exploit the BDD 

structure and is rather slow. In this section a fast heuristic 

to calculate input probabilities is introduced. The 

calculation is done in time linear in the size of the BDD 

and is based on the efficient calculation of output 

probabilities (see Equation (1) ). 

    To detect a stuck-at-0 fault on a circuit line, the value 1 

has to be assigned to that line by applying an input pattern. 

Then, the (erroneous) value of the line has to be 

propagated to an output. The case for stuck-at-1 is 

equivalent. Therefore both assignments to lines (0 and 1) 

are equally important for good RPT. A circuit line 

corresponds to an edge from a node to its parents in the 

BDD (neglecting the internal lines of multiplexors). Thus, 

this assignment becomes easy if the output probability of 

a node is close to 0.5. In the following, this observation is 

exploited by using the fast calculation of output 

probabilities as explained in Section 2.2.  

    For a level i  in the BDD, the sum of the square 

distances to 0.5 of the output probabilities of all nodes in 

level i  is given by: 

∑ −=
ilevel

i vPD 2)5.0)((  

)(vP is given by Equation (1). Provided that the output 

probabilities of the children are given, )1)(( =vxP  is the 

only variable in iD . Let iP be the solution to the resulting 

quadratic equation 0)(' =ii PD , where )1)(( =vxP  is 

substituted by iP  . Then, the value of )1)(( =vxP  is set as 

follows: 









≥
<<
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==
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This assures, that each primary input has an input 

probability different from 0 and 1, i.e. all values can 

occur.   

    Now, starting from the bottom level going to the top 

level in the BDD, iD is minimized for each level. 

 

4. Experimental results 

 

    All techniques have been implemented using CUDD as 

the underlying BDD package [18]. Experiments have been 

carried out on a SUN Fire 280R at 900MHz with 3 Gbyte 



 

 

 

 
 

of main memory. Combinational benchmarks from 

LGSynth91 [19] were investigated. 

    The technique introduced in [10] leads to BDD circuits 

without redundancies at the cost of one additional input. 

Experimental studies in [10] have shown that these circuits 

are comparable in size to the circuits that result from 

directly replacing BDD nodes by multiplexors. Also the 

testability of the circuits without redundancies is much 

better than that of circuits resulting from other synthesis 

tools as e.g. SIS. Results for the circuits without 

redundancies are given, but these directly transfer to other 

BDD circuits. 

    In a first series of experiments we compare the 

minimization of area to the optimization for RPT during 

synthesis as explained in Section 3.1. Table 1 shows the 

results. For each benchmark the number of inputs and 

outputs is given. Also the number of  literals as obtained by 

SIS is reported in column '#lits' for the different 

optimization goals. Minimal and expected fault detection 

probability are given in columns 'min.' and 'exp.', 

respectively. The RPT was optimized with respect to the 

expected fault detection probability. The optimization for 

RPT can even reduce the area due to the heuristic 

approaches (see '5xp1' or 'alu2'). The expected fault 

detection probability was increased for most benchmarks, 

while only little or no overhead in area was necessary. 

    In the second series of experiments the approaches to 

adjust the input probabilities as explained in Section 3.2 are 

compared. The circuits previously optimized for RPT were 

considered. Results for expected and minimal fault 

detection probability are reported in Figures 5 and 6, 

respectively. Bars for '0.5' show the RPT with input 

probabilities 5.0)1( ==ixP  as a reference. 

    The fast algorithm only visits each node of the BDD 

once and then determines the input probabilities. Although 

the fault detection probabilities are only considered 

indirectly an improvement was often observed - by 5% in 

case of  'cm150a'. 

    The iterative approach always improved the expected 

fault detection probability when this was used as the 

objective (bars for 'iterative (exp)'). The improvement was 

always significant: more than 10% in most cases and up to 

a factor of two in one case  ('cmb'). 

    But the minimal fault detection probability often 

decreased because it was not considered during 

optimization. This can be avoided by using the minimal 

fault detection probability as the objective (bars for 

'iterative (min)'). For all but one benchmark the minimal 

fault detection probability increased - up to a factor of 

1000 ('count'). At the same time the expected fault 

detection probability never decreased but often also 

increased. 

    In summary the joined application of both approaches - 

during synthesis and with optimized input probabilities - 

can largely improve the testability of circuits. Fault 

detection probabilities can increase by several orders of 

magnitude while the overhead in area is very low. 

 

7. Conclusions  

 

    Two new approaches to improve the RPT of BDD 

circuits during and after synthesis were presented. The 

synthesis approach using Sifting and the fast algorithm to 

optimize input probabilities exploit the structure of BDD 

circuits to increase the testability. The iterative approach 

can be applied to arbitrary circuits. The minimal or 

expected fault detection probability can be used as 

objectives. 

    Both techniques – BDD optimizations and choosing 

input probabilities – are orthogonal. Thus, the 

combination of both further increases the testability of 

circuits. On average the expected fault detection 

probability was improved by more than 10%. Even an 



 

 

 

 
 

improvement by several orders of magnitude of the 

minimal fault detection probability can be achieved. Since 

BDDs are used as the underlying data structure the results 

can be applied in logic synthesis, but also at higher levels 

of abstraction, like register transfer or system level. 
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Figure 5. Expected fault detection probability 

 
Figure 6. Minimal fault detection probability 
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Table 1. Circuits Optimized by sifting 

   area test 

Circ. #in #out #lits min. exp. #lits min. exp. 

5xp1 8  10 192 3.9063e-3 0.165594 160 0.015625 0.191153 

C17 6 2 25 0.03125 0.200231 25 0.03125 0.201322 

alu2 11 6 670 4.8828e-4 0.040207 626 4.8828e-4 0.46124 

b1 4 4 19 0.0625 0.2875 19 0.0625 0.2875 

b12 16 9 246 1.9531e-3 0.111737 250 1.9531e-3 0.113064 

b9 42 21 440 4.2725e-4 0.119417 492 4.2725e-4 0.129393 

clip 10 5 383 9.7656e-4 0.082742 359 9.7656e-4 0.088124 

cm138a 7 8  64 7.8125e-3 0.23913 64 7.8125e-3 0.23913 

cm150a 22 1 124 7.8125e-3 0.039871 152 3.9063e-3 0.04655 

cm151a 13 2 61 0.015625 0.080943 77 7.8125e-3 0.08401 

cm152a 11 1 28 0.03125 0.125 28 0.03125 0.125 

cm162a 15 5 148 2.9297e-3 0.98868 164 2.9297e-3 0.1128 

cm163a 17 5 149 3.90625e-3 0.127631 153 1.9531e-3 0.1328 

cm42a 5 10 72 0.03125 0.266447 72 0.03125 0.266447 

cm82a 6 3 52 0.03125 0.225694 52 0.03125 0.225694 

cm85a 12 3 144 1.95312 0.079843 144 3.90625 0.092544 

cmb 17 4 106 1.2207e-4 0.060078 106 1.2207e-4 0.060078 

con1 8 2 53 0.015625 0.130899 45 0.015625 0.143973 

count 36 16 864 9.5367e-7 0.092149 864 9.5367e-7 0.09289 

i1 26 13 170 4.8828e-4 0.134292 178 4.8828e-4 0.140068 

majority 6 1 24 0.015625 0.144231 24 0.015625 0.144231 

misex1 9 7 147 7.8125e-3 0.136418 139 7.8125e-3 0.144468 

t481 17 1 96 0.011719 0.109853 96 0.011719 0.109853 

 

 


