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Abstract— In many verification tools methods for functional
simulation based on reduced ordered Binary Decision Dia-
grams (BDDs) are used. The evaluation time for a BDD can be
crucial and is measuredby the expectedpath length of the BDD.

In this paper a new technique for BDD minimization with re-
spectto the expectedpath length is suggestedto reduceevaluation
time. It is basedon sifting and, unlik e previous approaches,per-
forms variable swapswith the sametime complexity asthe origi-
nal sifting algorithm.

Another field of application for BDDs is logic synthesis,often
targeting PassTransistor Logic (PTL) becauseof low power and
low cost. A minimization of BDD sizeand chip area can lead to
poor timing performances. We suggestto also use our method
here, as the resulting BDDs show a very low maximal and aver-
age path delay. This supports the synthesisof high-speedPTL
circuits at low areaoverhead.

Experimental resultsaregivento show the efficiencyof our ap-
proach.

I . INTRODUCTION

ReducedorderedBinary DecisionDiagrams(BDDs) area
datastructurefor efficient representationandmanipulationof
Booleanfunctions. They were introducedin [5] andarefre-
quentlyusedin formal verificationandlogic synthesis.

In many verification tools methodsfor functional simula-
tion basedon BDDs areused.A crucialpoint hereis thetime
neededto evaluatea functionusinga representingBDD.

Booleanfunctions f : � 0� 1� n � � 0� 1� m canbeviewedasa
Booleanrelationrepresentableby its CharacteristicFunction
(CF). Usinga BDD for theCF of this relation,theevaluation
timeis O � m � n 	 [1, 21]. Thetimecomplexity of functioneval-
uationusingsharedBDDsdirectly representingthefunction f
is higher, O � m 
 n	 [1, 21]. However, in functionalsimulation
basedon BDDs, sharedBDDs directly representingthe func-
tion f often have to be usedinsteadof BDDs for CFs,since
the sizesof BDDs for CFs tend to be too large to preserve
practicality[10]. For this reason,thereis a strongdemandfor
algorithmsspeedingupevaluationtime for sharedBDDs.

Another field of applicationfor BDDs is logic synthesis.
PassTransistorLogic (PTL) is often targetedbecauseof low
power consumption,low cost and the possibility to consider
layoutaspectsduringthesynthesisstep,e.g.see[17, 16].

Classically, BDD optimizationwasdonewith respectto the
numberof nodes,i.e. BDD size. This reducesthe memory
andruntimeneededfor therepresentationandmanipulationof
Booleanfunctions. In the caseof PTL synthesis,minimiza-
tion of BDD sizedirectly transfersto asmallerchiparea,but it
canleadto chipswith poortiming performance[14]. Recently
approachesbasedonRudell’ssifting algorithmhavebeenpro-
posed,which optimizeBDDs targetingthe delayof resulting
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circuits [14, 20]. But thesetechniqueseither fail to achieve
strictly local operationsduring variableswaps[14], resulting
in high run times,or they applysimplifiedcostfunctions[20]
andthuscanproduceresultswhich arefar away from thetrue
optimizationobjective.

In this paperwe describea new fasttechniqueto optimize
BDDs with respectto theexpectedpathlength(EPL), i.e. the
averagenumberof variabletestsneededto evaluateanassign-
mentof the inputs. It is basedon sifting and,unlike previous
approaches,performsvariableswapswith thesametime com-
plexity astheoriginalsifting algorithm1. Ourmethodis called
EPL sifting. TheBDDs yieldedsupportfastfunctionalevalu-
ationfor functionalsimulation.

We suggestEPL sifting alsofor pathdelayminimizationin
BDD-basedPTL synthesis,sincethemetricEPL alsomodels
theaveragegatedelayin PTL networks.

Experimentsshow that with EPL sifting reductionsin the
lengthof critical pathsup to 48� 9%canbeobservedonbench-
mark functions. Moreover, our methodis fasterthanthe ap-
proachorientedtowardsthe maximumpath length by up to
two ordersof magnitude.

I I . PRELIMINARIES

Booleanvariables(denotedby Latin letters)are boundto
valuesin B : 
 � 0� 1� . It is well-known thataBooleanfunction
f : Bn � B over the variablesetXn canbe representedby a
Binary DecisionDiagram (BDD) [5], i.e. a directedacyclic
graphwhereaShannondecomposition

f 
 xi fxi � 1 � xi fxi � 0 � 1 � i � n 	
is carriedout in eachnode.In thefollowing, only reduced,or-
deredBDDs areconsideredandfor briefnessthesegraphsare
calledBDDs. Redundantnodesareassumedto beeliminated
and variablesare encounteredat most onceand in the same
order(the “variableordering”)on every pathfrom theroot to
a terminalnode.For moredetailssee[5].

Formally, this fixedorderingcanbeexpressedwith a map-
ping

π: � 1��������� n� � � x1 ��������� xn �
of eachBDD level to a variable. Thuswe write xi 
 π � k 	 , if
variablexi is thek-th elementof thevariableordering,i.e.xi is
in thek-th level of theBDD.

BDDs are definedanalogouslyfor multi-output functions
f : Bn � Bm, using a graphfor eachof the m single-output
functionsfor thesharedBDD representation.In thefollowing
we assumesharedBDDs with ComplementEdges (CEs) [4]
without mentioningit further. (Note that all resultsreported

1Recently, theminimizationof theexpectedpathlengthwith a sifting ap-
proachindependentlyhasbeenstudiedin [18].
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Fig. 1. Two BDDs for f : � x1 � x2 � x3 ���� x1 � x2 � x1 � x3.

heredirectly transferto BDDs without CEs.) A BDD with
CEshasexactly oneterminalnodewhich we denote1. Each
othernodev hastwo successors,oneis reachedvia a 1-edge
andis denotedthen(v), the otheroneis reachedvia a 0-edge
andis denotedelse(v). We call then(v) the 1-sonandelse(v)
the0-sonof v. A nodev in a BDD is labeledwith thevariable
testedatthenode,denotedvar� v	 . Evaluationof anassignment
b 
 � b1 ��������� bn 	�� Bn startsat oneof theoutputnodesandtra-
versesthepathalongtheedgeschosenaccordingto thevalues
assignedto thevariablesby b.

Pathsare denotedas alternatingsequenceof nodesvi and
edgesei , i.e. � v1 � e1 ��������� ek � 1 � vk 	 . Thelengthof a pathp is the
numberof non-terminalnodesoccurringon p, denotedλ � p 	 .

For anexampleof anevaluationandthe traversedpathsee
Example1.

Example1 Considerthe left BDD given in Fig. 1. Theeval-
uationfor b 
 � 0� 0� 1 	 startsat the outputnodefor f , which
is theroot nodeof theBDD. Assignmentb assignsx2 to 0, x1
to 0 andx3 to 1. Accordingto thesevalues,thepathalongthe
correspondingedgeslabeleda, b andc is chosen(1-edgesare
depictedwith solid lines, 0-edgeswith dashedlines). As an
evennumberof CEs(indicatedby ablackdotontheaccording
edge)is encounteredon this pathfinally reachingtheterminal
nodelabeled1, thefunctionvalueis 1 (otherwise,i.e. if wehad
encounteredanoddnumberof CEs,the functionvaluewould
be0). In factwehave f � 0� 0� 1 	 
 1.

Note that the path along a, b and c is of maximal length
three,whereastherightBDD hasamaximalpathlength(MPL)
of only two. Thisis becausetherightBDD hasbeenoptimized,
whichcanbeachievedby dynamicreordering,i.e. sifting (end
of example).

Sometimeswemaychooseto assignvaluesto only thefirst few
variablesin the ordering,thusconsideringa possiblyshorter
prefix a 
 � b1 ��������� bk 	�� k � n 	 of a (full) evaluationb. Evalua-
tion of a stopsat a possiblynon-terminalnodev, representing
thecofactor fx1� b1 � � � � � xk� bk, for whichwealsowrite fa.

I I I . PREVIOUS WORK

In this sectionwe review theBDD metricEPL, which was
suggestedin [15] as measurefor evaluation time in BDD-
basedfunctional simulation. It hasalso beenusedrecently
in a comparisonof differentmethodsto evaluatemulti-output
logic functionswith BDDsin [10]. EPLexpressestheexpected
numberof variabletestsneededto evaluatean input assign-
mentalongapathfrom anoutputnodeto 1.

Let F beaBDD andlet pi bethei-th pathin anenumeration
of all pathsfrom outputnodesto theterminalnodein F . The
numberof all thesepathsis denotedP. Let pr � pi 	 betheprob-
ability of anevaluationtraversingpathpi . Thenfor theEPLof
F , denotedε � F 	 , wehave

ε � F 	 

P

∑
i � 1

λ � pi 	 
 pr � pi 	!� (1)

A pathp is weightedin this formulawith theprobabilityof be-
ing chosenduring evaluation. Minimizing ε � F 	 meansshort-
eningthepathlengthswith ahighprobability, thusminimizing
the expectedpathlengthEPL or, in otherwords,the average
evaluationtime.

Eq. (1) is not suitablefor anefficient algorithmto compute
EPL, asP cangrow exponentiallyin n, even if thesizeof the
BDD only grows linear in n [9]. In [15], the authorsgive a
formulausefulfor computingEPL in time proportionalto the
BDD size:thefollowing equationexpressestheexpectednum-
berof variabletestsfor anevaluationstartingfrom anodev and
endingat1 (thisquantitydenotedε � v 	 ). Therebywedenotethe
probability thata variablex is assignedto a valueb � B with
pr � x 
 b 	 .

ε � v 	 

0� v 
 1
1 � pr var� v 	 
 1 
 ε � then� v	�	"� else

� pr var� v 	 
 0 
 ε � else� v 	�	
(2)

This formulasimply statesthatε � v 	 is zero,if v alreadyis the
terminalnode.Otherwise,evaluationsstartingfrom v to 1 are
eithervia the then-childor theelse-childof v. Hence,ε � v 	 is
built by a) summingup the resp. ε-valuesof the child nodes
weightedwith theprobabilityof theresp.childnodebeingcho-
senandb) addingone,sincethe expectedlengthof all paths
startingat v mustbeonelarger thanthatof thechild nodesof
v: this is dueto theadditionalvariabletestatv.

In [15] an algorithm to minimize EPL for a given shared
BDD wassuggested.

Theminimizationis performedwith a window permutation
algorithm [11]. After eachswap of variables,establishinga
new variableordering, the resultingexpectedpath length of
the restructuredBDD is determined.Recalculationsneedto
be donein the restructuredpart of the BDD coveredby the
window. Therefore,thewindow (andwith that,alsotheBDD)
is split into an upperanda lower part. Eachpart is updated
with oneof two differentmethods.Afterwards,the proposed
methodto computethenew expectedpathlengthneedsto de-
termineall directreferencesfrom nodesin theupperBDD part
to nodesin thelowerBDD part.Thisoperationrequirestouch-
ing largepartsof theBDD includingmany levels [6, 8]. The
authorsalsodescribea simplified approach,which computes
anestimationof theexpectedpathlength,computingonly the
edgesbetweentwo adjacentlevels. However, this meansthat
only asimplifieddelaymodelis used.

IV. APPLYING THE EXPECTED PATH LENGTH IN LOGIC
SYNTHESIS

The BDD characteristicEPL so far hasonly beenusedin
BDD-basedfunctionalsimulation(seeSectionIII). Next we
give reasonswhy EPL canalsobe usedfor pathdelaymini-
mizationin BDD-basedPTL synthesis.We startby clarifying
thatthismetricalsomodelstheaveragegatedelayin PTL net-
works.

EPL expressestheexpectednumberof variableswhich are
testedon a path in a BDD. Variablesare testedduring eval-
uationof an input assignmentin Bn. Pathsin theBDD corre-
spondto chainsof passtransistorsin aPTL network. EPLthen
correspondsto theexpectednumberof multiplexorsalongsuch
a chainwhich have to passa signalto determinetheresulting
outputsignalsof thecircuit.

We assumea unit delaymodel[7], i.e. every gate(which is
correspondingto a BDD node)is assigneda uniform delayof
one. This model is independentof the technologyusedand
hasbeenappliedto theunmappednetlistsin thesynthesisap-
proachof [20]. Then,theEPL modelsaveragegatedelayfor
PTL networksderived from BDDs: EPL accountsfor the fact



(1) epson level(BDD F , int level) �
(2) for all nodesv at level level do �
(3) ε � v	 : 
 1 � 1

2 � ε � then� v 	 � ε � else� v 	�	 ;
(4) �
(5) �
(6) epsabove level(BDD F , int level) �
(7) for i : 
 level to 1 do �
(8) epson level(F , i);
(9) �

(10) �
Fig. 2. Iteratively computingε � F � .

that the delay occurringon one multiplexor chain may have
a larger influenceon the averagedelaythanthat of a second
chain.This is thecaseif moreinputsignalsin theenvironment
of thecircuit arepassedalongthefirst chainin (statistical)av-
erage.

Circuit speedis measuredby the delay on a critical path.
Here, this path correspondsto the maximum path length
(MPL) in BDDs. Exampleslike theonegiven in Fig. 1 illus-
tratethe intuition, thatBDDs with a smalloverall pathlength
alsoshow a small lengthof the longestpath: the right BDD
hasaminimalMPL aswell asaminimalEPL,dueto asimpler
graphstructureconsistingof lessnodesandedgesthantheleft
BDD. In SectionVI wedescribeexperiments,showing thatthe
MPL of theBDDsyieldedby ourEPLminimizationapproach
is almostthesameasfor BDDs directly minimizedtowardsa
smallestMPL. Althoughthis meetsgeneralintuition, thehigh
consistency of the resultsis remarkable.Hence,while being
a fastmethod,theproposedtechniquepreservesquality of the
results.This significantlycontraststo all previously suggested
approaches.

Moreover, theresultingBDDsarealsominimizedin average
gatedelayandhencearea goodstartingpoint for additional
critical path analysis[12, 3, 14]: it is well-known that these
techniquescanfurtherimprove theresultsby subsequentlocal
reorganization,up to optimizingthedelayon a critical pathto
notexceedtheaveragedelayatall [2].

V. A FAST APPROACH TO M INIMIZE THE EXPECTED PATH
LENGTH IN BDDS

In this sectionwe describea new fastmethodcalledEPL
sifting to minimize the EPL in sharedBDDs. It is basedon
Rudell’s sifting [19] and performsvariable swaps with the
sametime complexity asthe original sifting algorithm. This
contraststo the approachin [15], which usesa window per-
mutationapproach.This algorithm is either forced to touch
larger partsof the BDD with every variableswap or to usea
simplifiedestimationof thetruecostfunctionEPL.

Themainresultof thissectionwill bethedesiredlocality of
thevariableswapoperationin thenew method:only thenodes
in the adjacentlevels affectedby a variableswap have to be
processedduring a swap (due to the recalculationof values,
which have becomeinvalid). It is this locality which makes
our approachfast. In general,it is difficult to obtainlocality,
e.g.for a sifting modificationtargetingMPL (MPL sifting), to
thebestof ourknowledge,alocalapproachisnotknown. Later
in SectionVI acomparisonof therun timesof ourmethodand
MPL sifting is given.

A. A First SimpleApproach

In Fig.2,afirst simplealgorithmto computetheε-valuesfor
all nodesin aBDD F is given:for acall epsabove level(F , n)

the algorithmproceedsbottomup startingan iterationat the
lowest level n onto the highestlevel 1. On every level the ε-
valuesof nodesat the lower levels, which alreadyhave been
computed,areusedto computethecurrentvalues2.

The characteristicEPL for a sharedBDD F representinga
Booleanmulti-outputfunction f 
 � fi 	 1 # i # m canbecomputed
by useof the ε-valuesof theoutputnodesrepresentingthem
single-outputfunctions:

ε � F 	 
 1
m

m

∑
i � 1

ε � oi 	!� (3)

whereoi is theoutputnoderepresentingfi . Note,thatanout-
put nodeoi might beusedby multiple, functionallyequivalent
single-outputfunctions,ascircuitssometimesrepeatanoutput
signalseveraltimes.

B. KeepingTrackof LocalChanges

A changein the ε-valueof a nodein the uppermostof the
levelsinvolvedin a variableswap(i.e. a “local” change)influ-
encesthe ε-valueof many nodesabove, amongthemat least
one output node. Hence,thesevaluesbecomeinvalid. In-
steadof recalculatingthe valuesof all thesenodesabove we
choosea muchlesstime-consumingstrategy explainedin this
section:wedirectlytransferthelocalchangesto changesin the
ε-valueof theoutput-nodes,thuscorrectlyupdatingtheglobal
EPL-value.This is possiblewithoutrecalculationsin thelevels
above theswappedlevels.

For thefollowing, we alwaysassumea sharedBDD F rep-
resentinga Booleanmulti-output function f :Bn � Bm; f 
� fi 	 1 # i # m withoutfurthermentioning.Wealsointroduceanew
notation:for anedgeeonapathin aBDD, wedenotethetype
of theedgewith t � e	 , i.e. we have t � e	 
 1 for a 1-edgee and
t � e	 
 0 for a0-edgee.

Lemma 1 Let v be a non-terminalBDD nodev, the ε-value
of which has lately beenchangedby a value ∆εv. Further,
assumethe structureof the BDD hasnot changedabove this
node.Thentheε-valueof anoutputnodev$ changesfor every
pathp 
 � v$%� ev& ��������� u� eu � v 	 by pr � p 	'
 ∆εv.

Proof. Wehave

pr � p	 
 pr var� v$ 	 
 t � ev& 	 
(�����)
 pr var� u 	 
 t � eu 	 (4)

for thepathprobabilitypr � p 	 , since,for p to bechosenin an
evaluation,all variablestestedalong p mustbe assignedthe
accordingBooleanvalues.Now theresultcanbeseenstraight-
forwardly by Eq. (2): the productof assignmentprobabilities
on the right sideof Eq. (4) is exactly the factoroccurringbe-
fore the term ε � v 	 in anexpressionfor ε � v$ 	 , derivedwith the
developed,non-recurrentform of Eq.(2). *
We will call pr � p 	 the weightof v in v$ alongthe considered
pathp from v$ to v.

Of coursewe have to considerall pathsfrom v$ to v. To
computethetotal change∆εv& , we have to sumup theweights
alongall pathsfrom v$ to v. Let

ω � v� v$ 	 : 
 ∑
p is path

from v$ to v

pr � p 	 (5)

2To keepthepresentationsimple,codehandlingtheboundarycase(v + 1)
is omittedandequalprobabilityof oneandzeroassignmentsfor everyvariable
is usedfor the algorithmin Fig. 2, i.e. pr� x + 0� + pr� x + 1� + 1

2 for every
variablex.



denotethistotalweightof v in v$ . Wehave∆εv& 
 ∆εv 
 ω � v� v$,	 .
By Eq. (5), ω � v� v$,	 canalsobeinterpretedastheoverall prob-
ability of anevaluationreachingv from v$ .

Next wewantto expresstheweightof anon-terminalnodev
in thechangeof theglobalEPL-valuefor theconsideredBDD.
This changeis denoted∆ε andtheweight is denotedω � v 	 . In
analogyto ω � v� v$,	 , the weight of v in anothernodev$ , ω � v 	
expressesthe overall probability of an evaluationreachingv
from an outputnode,i.e. ω � v 	 : 
 1

m ∑m
i � 1 ω � oi � v	 , whereoi is

theoutputnoderepresentingfi .
Note that by Eq. (5) the termsω � oi � v 	 still dependon an

enumerationof all pathsfrom v$ to v.
However, it is possibleto expressω � v 	 independentof path

enumerations.

Lemma 2 Let v beanon-terminalnodein aBDD F . Thenthe
weightof v in thechangeof ε � F 	 canbeexpressedas

ω � v	 
 k
m

� ∑
v is b-son

of v- , b . B

pr var� v$ 	 
 b 
 ω � v$ 	"� (6)

wherek is thenumberof single-outputfunctions fi which are
representedby v (if any). Proof. We sketchthe outline of an
inductiveproofwith acaseanalysis.First, let v bearootnode,
i.e. v hasno parentnodes.Thenv mustbeanoutputnode.By
Eq. (3) can easily be seenthat the contribution of an output
nodeto the global change∆ε mustbe k

m (this alsoexpresses
theprobabilityof anevaluationstartingatoutputnodev). This
is correctlyexpressedby Eq.(6): thesumtermvanishes,since
v hasnoparentnodes.

Secondly, letvbeaninner, non-outputnode.To reachv from
any output node,first someparentnodev$ must be reached.
Moreover, if v is a b-son of v$ , var� v$,	 must be assignedb.
Hence,theproductof theaccordingprobabilitiesexpressesthe
probabilityof anevaluationreachingv via v$ . Notethatω � v$/	 is
therequiredweight resp.probabilityby inductionhypothesis.
Sincewe sumup theseprobabilitiesover all parentnodes,we
obtain the total probability of an evaluationreachingv from
an outputnode. From the previous,andsincein Eq. (6) k

m is
addedto this sum,thecaseof v beingan inneroutputnodeis
alsohandledcorrectly. *

Now we have the desiredproperty∆ε 
 ∆εv 
 ω � v	 , i.e. a
local changeof εv is directly transferredto a changeof the
global ε-value. Next, we give an algorithm to computethe
ω-values. Startingfrom the uppermostlevel, we can propa-
gate the ω-valuesdown from parentnodesto its child nodes
which areresidingon lower levels (seeFig. 3)3. In the next
sectionswe will seethatwe do not have to usethis algorithm
aftereachvariableswap. Hence,the locality of our approach
is preserved.

C. Invarianceof theWeights

The next resultsare crucial for the desiredlocality of our
approach.

Lemma 3 Let F be a BDD representinga Booleanmulti-
outputfunction f . Let v beanodeon level k in F representing
theBooleanfunctiong (acofactorof f with respectto thefirst
k 0 1 variablesin theordering).Thentheweightω � v	 canbe
expressedasfollows:

ω � v 	 
 ∑
b 1 Bk2 1

with fb� g

pr� x1 
 b1 	'
3�����4
 pr � xk � 1 
 bk � 1 	"� (7)

3Again, codehandlingtheboundarycaseis omittedandwe assumeequal
probabilityof oneandzeroassignmentsfor every variableto keepthepresen-
tationsimple.

/* assumesall valuesω � v 	 areinitially zero*/
(1) calc omega(BDD F) �
(2) for all nodesv representingoutput

functionsdo �
(3) ω � v 	 : 
 ω � v 	5� 1

m;
(4) �
(5) for i : 
 1 to n do �
(6) for all nodesv at level i do �
(7) increaseω � then� v 	�	 and

ω � else� v 	�	 by 1
2ω � v 	 ;

(8) �
(9) �

(10) �
Fig. 3. Iteratively computingtheω-values.

jj

i j

i

a b b

a

CBA CBA

xi

xx

x x

x

Fig. 4. A swapof two BDD levels i and j.

Proof. Fromtheprevioussectionweknow thatω � v 	 expresses
the probability of an evaluation reachingv from an output
node.Eq.(7) straightforwardlyexpressesthesameprobability
usingthe fact that every evaluationreachinga nodedefinesa
cofactor, which is functionallyequivalentto the function rep-
resentedby thenode. *

Corollary 4 Let F beaBDD representingaBooleanfunction
f andlet v bea nodein F . We assumefixedprobabilitiesfor
thevariableassignmentsto valuesin B. Then,if a) thefunction
representedby v andb) thelevel of v arepreservedwith respect
to a changein the variableordering(and thus, in the graph
structure)of the BDD, the value ω � v 	 alsodoesnot change,
i.e. ω � v 	 is invariantwith respectto this change.

Proof. In contrastto Eq. (6), Eq. (7) in Lemma3 expresses
ω � v	 asa functionof f , g andthe level of v only. Sincewe
consideraBDD representingafixed f , theresultfollows. *

D. An Efficient Approachto ExpectedPathLengthMinimiza-
tion

In theprevioussection,weintroducedanefficientmethodto
directly transfera local changein theε-valueof a nodev to a
changeof theglobalε-valueof theBDD. This is possiblewith
operationsworkingonly locally ontheuppermostof two levels
affectedby a variableswap. In this section,we explain how to
incorporatethis techniqueinto thefinal sifting modification.

Eachswap of two adjacentlevels i and j changesthe lo-
cal graphstructureof theBDD in thesetwo levels,leaving all
otherlevelsunchanged,e.g.seeFig. 4. For simplicity, assume
equalprobability of oneandzeroassignmentsfor every vari-
able. Beforetheswap,xi residesin level i, x j in level j. The
local structuralchangescausechangesin the ε- andω-values
of nodesin the affectedlevels. E.g. seenodea in Fig. 4: af-
ter the swap of levels i and j, nodea hasbecomea 1-sonof
nodeb. Thusweadd 1

2 
 ω � b 	 to theold ω-valueof a, updating



ω � a 	 following Eq. (6). Nodeb getsnew child nodesafterthe
swap.Henceε � b 	 is recalculatedusingtheε-valuesof thenew
child nodes(nodea andtherootnodeof subgraphC) following
Eq.(2).

Also notethatb still representsthesamefunctionandstill is
on thesamelevel after theswap. Consequently, ω � b 	 remains
unchangedby Corollary 4. Thesameinvarianceholdsfor all
nodesoutsidethe swappedlevels. The changein the ε-value
of the nodesv in level i is the value∆εv describedin Section
B. Thechangesof ε for thechild nodesof thesenodesdo not
needto be transferred,sincethesechangesalreadyhave been
transferredto theparentnodesin level i.

Of coursewe heregive only someof the casesto consider
duringaswap.

After having tried all positionsby moving a variablexi up
anddown, xi is movedbackto thebestpositionseenin thepre-
viousmovements.Let this positionbeon level k. To reestab-
lish properε-valuesfor subsequentmovementsof the other
variables,all ε-valuesof nodesabove level k arerecalculated
with acall to epsabove level(F , k 0 1) (seeFig. 2). This is an
operationtouchingmany levels, i.e. a large part of the whole
BDD. But this only hasto bedoneonceafterall swapsto de-
terminethe bestpositionfor a variablehave beenperformed.
This is possiblesincewe cancomputethe global ε-valueby
transferof the local changeswhile moving a variableup and
down. Hencethis still doesnot lead to a higher asymptotic
time complexity thanthecomplexity of theoriginal sifting al-
gorithm.

To summarize:a modificationof the original sifting algo-
rithm hasbeenfoundwhich targetstheexpectedpathlengthin
BDDs. Thisalgorithmhasthesameasymptotictimecomplex-
ity astheoriginal sifting algorithm,asa sophisticatedschema
ensuresthatnotraversalonthewholegraphof theBDD is nec-
essarywhenperformingavariableswap.Thisschemaconsists
of keepingtrackof local changesin the levelsaffectedby the
swapandthendirectly transferringthesechangesto a change
in theglobalEPLvalue.

VI . EXPERIMENTAL RESULTS

In this sectionwe presentour resultsapplyingthe new ap-
proach,EPL sifting andmaximalpath length (MPL) sifting,
i.e. a sifting modificationtargeting the classicalcriterion for
circuit speed,themaximaldelayon a critical path,aswell as
thestandardsifting algorithmtargetingBDD sizeto circuitsof
the LGSynth93[13] benchmarkset. A weaker form of MPL
sifting with a simplified cost function hasbeenusedin [20].
Sincewe areinterestedin a validationof thequality of results
yieldedby EPLsifting, we implementedasifting modification
targetingtheclassicalMPL criterion. As no approachwith an
only local behavior is known for MPL sifting, this algorithm
hashigh run times. All algorithmshave beenintegratedinto
the CUDD package[22] andweretestedin the samesystem
environment.We useda systemwith anAthlon CPUrunning
at 1.4 GigaHz with a main memoryof 1.5 GigaByte for our
experiments.All methodsuseBDD sizeassecondcriterionin
caseof ties of the first criterion. In our tests,we usedequal
probabilitiesof oneandzeroassignmentsfor every variable.

In a first seriesof experimentswe comparedMPL andEPL
sifting. The resultsaregiven in TableII. In the first column
the nameof the function is given. in denotesthe numberof
inputsof a function. Columnsizeshows theinitial size(given
asnumberof BDD nodes)of theBDD representingthe func-
tion. In columnsMPL andEPL the maximalpathlengthand
theexpectedpathlengthof the initial BDD for a functionare
given. The next threecolumnssize, MPL andEPL give the
size,themaximalpathlengthandtheexpectedpathlengthfor
theBDD afterapplyingtheMPL sifting approachrespectively.
Thenext columntimeshows the runtimeof theminimization

TABLE I
SIZE, MPL, EPL AND RUNTIME SUMS FOR DIFFERENT CRITERIA

criterion ∑ size ∑ MPL ∑ EPL total time
initial 391155 821 189.04 –
EPL 181842 753 133.58 275.30s
MPL 169408 753 156.31 2272.37s
size 168914 777 162.85 47.30s

by MPL sifting in CPUseconds.In thenext four columnsthe
samequantitiessize, MPL, EPL and runtime are shown for
EPLsifting respectively.

In asecondseriesof experimentswealsoapplied“classical”
BDD size-drivensifting to our setof testcases.Theaccumu-
lated resultsand total run times of the two seriesof experi-
mentsaregivenin TableI. Thefirst columncriterion givesthe
optimizationcriterion targetedby the usedmethod(here,the
entry “initial” meansthe BDDs beforeany methodhasbeen
applied). Columnstwo to four eachstatethe sumof a BDD
characteristicover theBDDs for all testcasesrespectively: in
columntwo, thischaracteristicis BDD size,in columnthreeit
is MPL andin columnfour it is EPL. The last columnstates
thetotal runtimefor thewholetestsuite(the“-” for row initial
meansnooptimizationhasbeencarriedout).

As the resultsshow, EPL sifting achievesalmostthe same
reductionin MPL as MPL sifting: both EPL and MPL sift-
ing improve the initial MPL by 8� 3% in averageandthe im-
provementcanbeup to 48� 9% (e.g.,seedalu). EPL sifting is
alsothefastestdelay-drivenminimizationapproachpreserving
highqualityof results:thetotal time (average)speedup factor
of EPL sifting comparedto MPL sifting is 8� 25 andcanbeup
to two ordersof magnitude(e.g.,seei7).

Moreover, EPL sifting alsoyieldsthebeststartingpoint for
critical pathanalysis,astheresultingEPLvalues(correspond-
ing to theaveragegatedelay)aremuchbetterthanfor theother
minimizationmethods.EPL sifting reducestheinitial EPL by
29� 3%onaverage.Theimprovementcanbeupto63� 4%,espe-
cially for largerinstances(e.g.,seedalu). EPLsifting achieves
anEPL which is betterby 14� 5% on averagecomparedto the
EPLyieldedby MPL sifting. TheimprovementoverMPL sift-
ing canbeevenhigher, up to 40� 1%(e.g.,seex4).

All methodsalso improve BDD sizesignificantly. In this,
EPL sifting yieldsonly 7� 3% moresizethanMPL sifting (and
“classical”sizesifting) on average.This allows highercircuit
speedatonly low areaoverhead.

VI I . CONCLUSIONS AND FUTURE WORK

We presentedanefficient techniqueto optimizeBDDs with
respectto the expectedpath length. This criterion measures
the evaluationtime for functionalsimulation. It alsomodels
averagegatedelayassumingaunit delaymodel.

Themethodis basedonsifting andusesanew sophisticated
approachto keeptrackof localchangesandtheir impactonthe
global changeduringa variableswap. Thusit achievessmall
run times,stayingwithin the time complexity of the original
sifting algorithm. In previousapproachesa comparablespeed
canonly be achieved by simplificationof the target function,
possiblyleadingto poorerresults.

Experimentalresults are reporteddemonstratingthat the
proposedtechniquealsoresultsin BDDs highly optimizedfor
the synthesisof high speedPTL circuits. It achievesalmost
thesamequalityof resultsasasifting modificationexactly tar-
getingthe classicalcriterion of maximalpathlength. Reduc-
tions in the lengthof critical pathsof up to 48� 9% have been
observed. Moreover, our approachyields BDDs which area



TABLE II
COMPARISON OF MPL AND EPL SIFTING

name in size MPL EPL MPL sifting EPLsifting
size MPL EPL time size MPL EPL time

apex6 135 2759 21 3.56 639 20 2.37 6.59s 662 20 2.33 0.17s
apex7 49 1659 24 5.03 310 19 2.59 0.54s 274 19 2.25 0.05s
b9 41 177 13 3.17 107 13 3.04 0.18s 125 13 2.65 0.02s
c1355 41 43869 41 30.76 30326 41 26.70 126.11s 39201 41 20.82 64.97s
c3540 50 223227 30 10.94 73319 30 10.66 1171.64s 46228 30 9.81 131.01s
c499 41 39377 41 29.65 30459 41 27.41 369.72s 38465 41 20.34 54.71s
c5315 178 5247 47 4.00 2611 47 3.89 127.28s 3137 47 4.07 1.44s
c880 60 15544 42 5.65 4865 41 5.27 25.09s 9883 41 4.82 3.49s
cht 47 149 5 2.71 89 4 2.63 0.17s 124 4 2.06 0.02s
dalu 75 12946 47 16.05 1216 24 5.88 24.73s 1006 24 4.94 3.13s
example2 85 468 16 2.54 298 14 2.71 1.28s 393 14 2.18 0.06s
frg2 143 2230 22 3.00 1434 20 2.42 15.98s 1648 20 2.32 0.37s
i3 132 132 32 4.46 132 32 4.46 4.57s 132 32 4.46 0.08s
i4 192 420 47 6.56 300 47 4.78 15.52s 300 47 4.38 0.21s
i5 133 311 19 2.50 133 19 1.98 5.32s 133 19 1.98 0.08s
i6 138 412 4 3.10 208 4 3.24 4.69s 274 4 3.05 0.07s
i7 199 504 4 3.25 367 4 3.35 15.10s 434 4 3.18 0.13s
i8 133 3980 16 5.42 1678 13 3.49 25.91s 2495 13 3.40 0.81s
i9 88 2270 12 5.48 1659 12 5.00 5.48s 1821 10 4.96 0.21s
k2 45 2012 24 5.03 1355 24 4.03 1.23s 1438 24 4.01 0.14s
pair 173 13845 49 6.08 5857 49 4.13 197.76s 8775 49 3.76 4.40s
rot 107 8322 57 4.27 6374 57 4.05 48.82s 15062 59 3.08 7.69s
s5378 199 5218 41 3.70 2489 33 3.43 65.50s 5975 34 3.11 1.43s
s641 54 1351 27 3.69 628 25 3.14 0.91s 724 26 2.65 0.11s
s713 54 1351 27 3.69 628 25 3.14 0.92s 724 26 2.65 0.10s
s838.1 66 244 55 4.08 298 38 3.37 0.98s 625 35 2.92 0.10s
x1 51 1296 23 3.88 487 22 2.80 0.75s 603 22 2.67 0.07s
x3 135 945 20 3.00 612 20 2.36 7.14s 669 20 2.34 0.14s
x4 94 890 15 3.79 530 15 3.99 2.46s 512 15 2.39 0.07s

betterstartingpoint for anadditionalcritical pathanalysis(by
up to 40� 1%), andis fasterthanmaximumpathlengthsifting
by up to two ordersof magnitude.

It is focus of currentwork to transferthe techniquespre-
sentedhereto morecomplex delaymodelsandto furtherinves-
tigatetheimpactof thedistributionof assignmentprobabilities
on thequalityof results.
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